
Math 564: Real analysis and measure theory
Lecture 

Theorem. Finite Boel measures on Polish spaces are fight.

Proof (continued) . For a Polish space X and a finite Boel measure
on X

,
it is enough to

show that be end 320 there is a compact K = X will M/k/ ncM(X) . Fix 330.
Let Eni-h and for each net

,
let [Bebetsv be a ctbl cover of X with closed balls

of radius : In (such a cover exists by separability). Because X=I Bet , we have
Put G := VBe

,↑ (x)
=

2 . 2
- 1+1) M/V Bfor hlarge enough,bymonotoneroeseaally bounded by def,22l

so In is closed
NEIN

hence compact. Finally,

↓ (x(k) =M(UXI(n)EISI
Cor(strong regularity and lightness for locally fin . measures) . Ut X be a Polish space . The

every locally finite Bowel measure on X is strongly regular and light.

Proof
. Polish spaces we 22cbl , so local finikeness in equir to finiteness by open sets,

i
. e .

X = VUn with each Un open and finite measure
.
Thus

, m is strongly regular
herN

by a previous result for metric spaces and we only need to show lightness.
From DST (chescriptive st Meory) , we know what open subsets of Polish spaces are Polid
(with a different equivalent metrich , so on each Un

,
we know let M is light.

We leave the rest of the proof as HW.

Measurable functions

Bef . Let (X
,
1) and (4

,
5) be measurable spaces. A function f:X-> Y isaik to be :

(a) (I
,
4) - measurable if " (5) I for

every JEJ
.



1) I-measurable (or just measurable ifIt is clear from the context) if Y is a metric space
andF is (E

,
B(Y) -measurable

(2) Bowel if X and Y are metoic spaces and fis (B(X)
,

B(Y)-measurable·
(d) n-measurable if h is a measure on IX

,
I)

,
Y is a metric space and

↓ in Measu-measurable , i . e . f + (B) is M-meas for each BonelB2Y,

Remark. For functions f:R-1R we will view the left IR as the measure space UIR
,
BIR)
,
1)

and the right IR as a metric space , so the definition of X-measurable
lor Labegue measurable) is asymmetric : ↑"(Beel) is >measurable·

This done because to get more functions be called measurable since the

theory works for them.

Prop . Let(X , II and 14
,
5) be measurable spaces

and F : X-> Y. If for come Jo-E

which generates Jas a T-algebra , we have"(Joh I for all Jo To , the
↑ is (I

,
5) -measurable ·

Proof
.
Let 3 := ) Je5 : /" (5) EF) and observe that 3: To and 3 in a valged

ra since preimages respect unious and complements. Here 5 = 5.

Cr
.
Let IX

,
If be a measurable space ,

" be a metric
space ,

and let foX-3Y.
If F"NEI for each open VEY ,

Ren fis E-measurable · In particular,
continuous functions all Benel become f"lopen) is open.

The following is one of the reasons for building Maine try,

Theorem . Pointwise limits of measurable functions are measurable
.

More precisels,
it IX

,
I) is a mesirable space

and Y is a separable metric space (e . g . (R)
then limi is E-measurable for any sequence of Ermeasurable factions

fa : X-** for which linful exists for each xEX.
h->



Proof
. By the lastcorollary , it is enough to show that f (4) I for each open

HEY.

Note that the openness of1 gives the following : for xeX,
f(x= => Et (V := Im nom)

#the converse were also time
, we would be done becase then

↑"(n)=Nimfu" (4)
sof" (u)&.

But the converse isu'd true
,
for example , let U = 10, 1) = /R and fax) : = t , so

faxEU for all u
,
but the limit is OAU . The reverse holds for closed at

but U is open. However
,
usingueparatility , we can find a presentation ofR ,

which

behaves as both
open

and closed :

Claim
. UUn = U = VV Go some open UnEY.KECN KIN

Proof
. Let DIY be a ctbl dense set and let 2 := [Bynly) : yeW ,

neINt
, Binly)

= US
,

10 V is bl. Note that if VEW
,
then FEU by definition

,
so

it is enough tochor let U = V V
.
Fix yell , heave Bynly] &U for large

enough ne .
Let yed such that

VEU

yeBizuly) , equir· yeBily)·
But Byzly') = Binly) U ,

10 Byerly) e P .
Hence yeUpV

S Claim)

We now finally have : AxeX , f(x)U= FbXfk)eVr.
Proof of : f(x) = UVr => zkf(x)eVe = Fkfu(x) E V

.

KEIN

Prept of =: Jk Vitaletr = FR fixet (by closednes of Frel => f(x) zc .

Thus, -" (U) = Venemfi() e E.

Prop . Let X, " be metric spaces ,
where Y is 2nd cdbl (e . g . Polish) . Let he be a strong-



ly regular Bonel measure on X /e
. g . a

finite reasure or 5 faile by open sets).
let F : X -> Y be a p-measurable function. The

(a) Fis Bonel on a nonull Bonel set
,
i
. e . fix : X-Y is a Bonel function for some

conall Bonel X1
.
(Note : B(x) = (BEB(X) : B =X) .)

16) Luzin's theorem
.

FGCO
,
f is continuous on a closed at 2 with M(X(C)4 , 1 . e.

H : <- + Y is continuous
,

Proof
.
Let( Vulne bethl basis for Y

,
so it generates &(4) as a valgebra.

(a) AMIVn) is R-measurable , hence fY(V) =r Bu for some Bonel BaEX.

let Z : = V (f"(V)ABu)
,
so
,
E is will

,
heave ZE where E in Book

nEIN and still will
.

Put X:= X & E
,
so X'is

Bowel andcorall
.

Then (f(x)"(Val = f* (a) 1X1 = ButX , which is Borel.

So fix is Borel. d

1) &"Nu) is -measurable , hence by strong outer regularity , J U22 X open such that

Mm(Un ,
f"(val) : = M(Un A F"(all => S .2-1+2) (in fact

,
Un ? F"(V)

,
but we don't

nd this)
.
Let Z := Unf" (V) 10 M(E)=End . 2-12+) = E . Again by

outer regularity , here is an open set EZ with MIE(z)= ,
soMIE) -2 .

Take C= XIE
,
so it's closed and M/X(C) -2 . Furthermore :

(f)c)"(va) = F" (a) 1 C = Un1d
,

so (f(c)"(Vul is open
relative to Land hence fle is continuous. e


